MV-algebras are the Lindenbaum algebras for Łukasiewicz's infinite-valued logic, just as Boolean algebras correspond to the classical propositional calculus. The finitely generated subvarieties of the variety M M of all MV-algebras are generated by finite chains. We develop a natural duality, in the sense of Davey and Werner, for each subvariety generated by a finite chain, and use it to describe the free and the injective members of these classes. Finally, we point out the relations between the dualities and some categorical equivalences discovered
INTRODUCTION w x MV-algebras were introduced in 1958 by C. C. Chang 2, 3 , for the purpose of providing an algebraic proof of the completeness theorem of w x Łukasiewicz's infinite-valued propositional calculus 15 . This logic is being intensively studied as the natural framework for the treatment of uncertain informations. Moreover, MV-algebras are categorically equivalent to lattice-ordered Abelian groups with strong unit. They are thus deeply con-Ž w x . nected with toric varieties and C*-algebras see 4 for details . Although this formulation is not Ž w x. Chang's original one, it is known to be equivalent see 16 . Consequently, MV-algebras form a variety, that we denote by M M. Y. w x Komori has given in 14 a complete description of all subvarieties of M M; in a recent paper, A. Di Nola and A. Lettieri provide a finite equational base w x for each of these 10 .
The present work is devoted to those subvarieties of M M which are generated by one finite chain. Much information can be derived from the Ž w x. existence of a natural duality see 6, 8 for each of these classes. We start this paper by first recalling some generalities about MV-algebras, and by a short exposition of the general theory of duality. Next we apply the theory to the one-finite-chain generated subvarieties of M M. As sample applications we use the dualities to describe the finitely generated free algebras and the injective members of these classes. In the last section we show how the dualities shed light on the categorical equivalences discovered by A. Di w x Nola and A. Lettieri in 11 . We delay to a subsequent paper the study of the subvarieties of M M which are generated by several finite chains. . Ž . for short and g is a strong unit for G then ⌫ G, g is the MV-algebra w x obtained by equipping the interval 0, g with the following operations: 
Ž
Let us next recall the setting of natural duality theory we consider a restricted version of the general theory that will prove sufficient for our . needs . We are in the presence of a class A A of algebras and we would like a concrete representation of every algebra A in A A. If A A is of the form Ž . ‫ސޓމ‬ M where M is a nontrivial finite algebra, then we can try and obtain a concrete representation in a canonical way. We proceed as follows.
² : Define M s M; R, to be a topological relational structure on thẽ Ž universe M of M R is a set of finitary relations on M and is the . discrete topology . Endow the powers of M with the componentwisẽ relations and the product topology. The structure is then induced to subsets of powers of M by restriction of the relations and the topology.
Ž . Next define X X s ‫ޓމ‬ ‫ސ‬ M to be the class of all topological structures of c˜Ž the same type as M which are isomorphic with respect to both thẽ . Ž . relational structure and the topology to a topologically closed substruc-Ž . ture of a power of M. We denote by A A A, B the set of homomorphisms Ž . between the algebras A and B of A A and by X X X, Y the set of continuous morphisms between the topological structures X and Y of X X. Now each n-ary relation in R is actually a subset of M n . We say that the structure on M is algebraic over M if every n-ary relation in R is a subalgebra of M 
. If e is an isomorphism for each A g A A then we say that M or R AŽ . yields a natural duality on A A. In this case e gives a concrete representa-A tion of A as an algebra of continuous morphisms between topological structures. If moreover is an isomorphism for each X g X X then the X duality is called full. In this case we also have a concrete representation of each X as a topological structure of homomorphisms between algebras. To end with, if M yields a full duality on A A and is injective in X Xᎏwhich Ž . means that for every X, Y g X X , for every embedding ␣ g X X X, Y and
uality is called strong. This is not the actual definition of strong duality Žwhich, roughly speaking, says that the full duality is obtained in a special .
Ž w x way but this is all we need to know about it for our purposes see 6 for . details .
So all we have to do in order to provide a natural duality for the quasi-variety A A is find a suitable topological structure M. This is very easỹ if M is a primal algebra, that is, a finite algebra in which every finitary operation on its underlying set is a term function. Indeed a strong duality is obtained by taking M to be the discrete topological space on thẽ Ž . underlying set of M without any relation , and the dual class is exactly the w x category of all Boolean spaces, denoted by Z Z. This result is due to Hu 13 . An important example, which we require for our further developments, is given by certain Post algebras. For each positive integer n we denote by P n Ž . the n q 1 -element Post algebra
where k and n correspond to the chain order 0 --иии -1, the n i constants c satisfy c s , and the additional unary operations are given
¢ n w x We refer to 1 for a discussion of Post algebras. We just want to point out Ž . that each P is a primal algebra, so that the discrete n q 1 -element n Ž . topological space P yields a strong duality on the variety P P [ ‫ސޓމ‬ P of n n ñ
Post algebras of order n q 1. The corresponding hom-defined functors are denoted by S : P P ª Z Z and T : Z Z ª P P . Notice that P is the 2-element n n n n 1
Boolean algebra, and that S and T actually define the well-known Stone 1 1 duality for Boolean algebras.
To end with, we consider a more general class of algebras which are easily proven to admit a strong duality. A finite algebra M is called a semi-primal algebra if the ternary discriminator operation
is a term function on M, and there are no isomorphisms between subalgebras of M with more than one element other than the identity maps. If M is a semi-primal algebra without one-element subalgebras then we can just take R to be all subalgebras of M considered as unary relations on M. The resulting topological structure M then yields a strong duality on A A, and thẽ Ž w x . dual class X X possesses a simple axiomatization see 6, 3.3.14 for details .
THE DUALITIES
The subvarieties of M M which are generated by one finite simple chain S 0 just fall within this scope. In the sequel we shall denote by Ł the n n 0 Ž . algebra S and by M M the variety ‫ސޓވ‬ Ł .
and n. x is a shorthand for
Notice that in Ł we have n.0 s 0 and n. x s 1 if x / 0. Since the n Ž . function d satisfies d x, y s 0 m x s y, it is now easy to check that t is actually the ternary discriminator operation on Ł . Moreover, it is well n known that if is an isomorphism between two subalgebras A and B of w x the unit interval 0, 1 , then A s B and s id . Thus Ł is semi-primal.
A n
Consequently, it generates an arithmetical variety, and we obtain that Ž . M M s ‫ސޓމ‬ Ł by an easy application of the Jonsson Lemma.
n n Let us now apply the general theory of natural duality. In the sequel we Ž . Ž . shall denote by div n the set of positive divisors of n and by gcd m, mЈ the greatest common divisor of m and mЈ. w x Proof. This is a simple application of 6, 3.3.14 .
Remark 2.1. The dualities we have obtained are not optimal in the Ž . Ž . quite obvious sense that some proper subsets of ‫ޓ‬ Ł still yields a n Ž . Ž strong duality on M M . For instance we can always remove Ł itself since n n . it is always preserved , and the intersection of two relations is always preserved if both relations themselves are. Indeed, intersection belongs to a list of ''constructs'' which allow the simplification of a given duality to an Ž w x . optimal one see 7 and the bibliography therein .
In the present situation an optimal strong duality is obtained by choos-Ž . Ž . ing for R the meet-irreducible members of the lattice ‫ޓ‬ Ł . Since ‫ޓ‬ Ł n n Ž . is isomorphic to div n ordered by divisibility, the optimal dualizing structure thus consists of the subalgebras Ł of Ł such that m is a meet-irre-
. . , ␣ . Consequently the optimal dualizing structure contains
␣ relations usually much less than the Ł ␣ q 1 relations
Nevertheless it is just a matter of taste to choose one dualizing structure Ž . rather than the other one since every member of ‫ޓ‬ Ł can be redefined n as the intersection of the meet-irreducible members in which it is contained.
We now illustrate briefly these dualities. First note that they turn products to coproducts and vice versa. But a coproduct of a finite number Ž of structures in X X is easily seen to be given by direct union this is also a n w
x . consequence of 6, 6.3.4 . As a corollary it is straightforward to compute the duals of finite MV-algebras. the case of a finite number of finite cofactors we can provide an explicit Ž w x. formula for this coproduct another one is given in 12 . In order to state and prove the result some definitions are required.
½ y1 i fn is square-free.
Ž .
The function so defined is known as the Mobius function. If X is ä finite set of positive integers we shall denote by Ł X the product of the members of X if X / л and we shall consider that Łл s 1.
A ( Ł ,
Proof. First define h m to be the cardinal of the interpretation of Ł
Ž .
From Proposition 2.2 we also know that
quently, using the Mobius inversion formula we havë
But each nonzero term in this sum arises from a square-free divisor of m, that is, a product of prime factors of m. Therefore we have
We can apply this result to obtain the known formula for finitely Ž w x. Ž . generated free algebras see 9, 12 . We shall denote by F F the free 
F F 1 and F F 1 ( E Ł we can apply Proposition 2.3 to deter-
For all positi¨e integers k and n we ha¨e
Proof. By Proposition 2.3 we have
A FEW APPLICATIONS
A natural duality turns out to be a very powerful tool in order to study a class of algebras. Once the job has been done to establish that a given topological structure yields a strong duality on the class, many results can be obtained by just applying general theorems. We now give a few examples. Ž w x We now recall the concept of Boolean product we refer to 5 and the . bibliography therein for more details . A Boolean product of a family Ž . A : x g X of algebras over a Boolean space X is a subdirect product A x of the given family such that the following conditions hold: Proof. Let denote the projection from Ł X onto its xth component. such a morphism is its continuity. But this follows from the fact that, for all
Let us recall that an algebra A in a class
.. Z , from Z being clopen, and from the continuity of a and b.
As a next application we characterize the injective members of M M . The n w x following result could be derived from Lemma 3.1 and 6, 5.5.15 , but the duality at hand provides a very simple proof that we include. 
A is the reduct of a complete Post algebra of order n q 1.
Proof. The duality reverses arrows, so that an algebra A is injective in Ž . M M if and only if its dual D A is projective in X X . This means that for n n n Ž . every X, Y g X X , for every onto morphism ␣ g X X Y, X , and every Let us now turn to infinite algebras. As in the Boolean case the dual space of the free algebra generated by generators in the variety M M has n a pictorial representation as a subspace of the euclidian unit interval. But the many-valued case requires it to be endowed with unary relations. DEFINITION 3.1. For each positive integer n define ⌫ in the following n way:
of the euclidian unit interval, being the induced topology. same length, number them from 1 to 2 n q 1, and remove every interval Ž . k with an even number. After each of the n q 1 interval composing ⌫ n, k Ž . kq 1 has been treated this way, the resulting union of n q 1 intervals is ⌫ . As for r m , consider those intervals of ⌫ that belong to r m .
After one of them has been cut into 2 n q 1 intervals and the even numbered pieces have been removed, it gives rise to n q 1 remaining pieces. Number them from 0 to n. Among them those that belong to r m n, kq1
are those whose number belongs to I . One easily checks with the aid of m Theorem 2.1 that ⌫ g X X . Remark that ⌫ is nothing but the Cantor space n n 1 ⌫. Notice also that the underlying topological space of each ⌫ is homeon morphic to ⌫, because it is a perfect metric compact Hausdorff space. Consequently, the following result should come as no surprise.
It is straightforward that is an isomorphism from Ł onto ⌫ .
n ñ
A CATEGORICAL EQUIVALENCE EXPLAINED
w x In their paper 11 , Di Nola and Lettieri prove that each member of M M n can be represented as an n-ary relation on its Boolean algebra, and that Ž . this relation can be defined from n y 1 ideals of B A satisfying certain conditions. Our next purpose is to show how the dualities we have obtained shed light on these equivalences. w x We sum up from 11 the following definition and result. 
. . , n y 1 , ᭙ j g 1, . . . , i y 1 : I l I : I . :
Ž . its spectral space, that is, the space of its ultrafilters equipped with the topology whose base consists of the sets of ultrafilters which contain a Ž . given element of B. On the reverse the dual T X of a Boolean space X 1 is its Boolean algebra of clopen subsets, with operations given by union, intersection, and set complementation. This version is obtained from the hom-defined one by replacing each homomorphism u : B ª P by its 
